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Abstract 



In this paper we derive a criterion for the breakdown of classical solutions 
to the incompressible magnetohydrodynamic equations with zero viscosity and 
positive resistivity in M 3 . This result is analogous to the celebrated Beale-Kato- 
Majda's breakdown criterion for the inviscid Eluer equations of incompressible 
i -^h ■ fluids. In M? we establish global weak solutions to the magnetohydrodynamic 

equations with zero viscosity and positive resistivity for initial data in Sobolev 
space H 1 ^ 2 ). 

Keyword: Beale-Kato-Majda's criterion, weak solutions, magnetohydrodynamics, 
zero viscosity. 

OO 

(N ; 1 Introduction 

7— I ■ 

The incompressible magnetohydrodynamic equations in M n , n = 2, 3, take the form 



' u t + u ■ Vu + V(p + \\h\ 2 ) = fiAu + (h ■ V)/i, 
< h t - V x (u x h) = vAh, (1.1) 
V-u = 0, V-h = 0, 

where u = (ui, ■ • ■ , u n ) T is the velocity of the flows, h = (hi, ■ ■ ■ , h n ) T is the magnetic 
field, p is the scalar pressure, /i is the viscosity of the fluid which is the inverse of the 
Reynolds number and v is the resistivity constant which is inversely proportional to the 
electrical conductivity constant. The system fll.ip describes the macroscopic behavior 
of electrically conducting incompressible fluids (see [IT]). 
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In the extremely high electrical conductivity cases which occur frequently in the 
cosmical and geophysical problems, we ignore the resistivity to have the following 
partially viscous magnetohydrodynamic system (see [5]): 

' u t + u ■ Vu + V(p + \\h\ 2 ) = fiAu + (h ■ V)/i, 

< ht - V x (u x h) = 0, (1.2) 

y. u = 0, V-/i = 0. 

In the turbulent flow regime which occurs when the Reynolds numbers is very big, we 
ignore the viscosity of fluids to have the following partially viscous magnetohydrody- 
namic system: 

' ut + u ■ Vu + V(p + \\h\ 2 ) = (h ■ V)h, 

< h t -V x (uxh) = uAh, (1.3) 

^V-w = 0, V-h = 0. 

The local well-posedness of the Cauchy problem of the partially viscous magnetohy- 
drodynamic systems (11.21) and ( 11 .3D is rather standard and similar to the case of fully 
viscous magnetohydrodynamic system which is done in [21] , At present, there is no 
global- in-time existence theory for strong solutions to systems (ll.2j) and (11.31) . The 
notable difference between (11.21) or (11.31) and its Newtonian counterpart, the incom- 
pressible Euler equations, is that for (II. 2p or (II. 3p . global-in-time existence has not 
been established even in two dimensions (global-in-time existence is only established 
in the fully viscous case fi > 0, v > in two dimensions, see [21]), even with small 
initial data. The question of spontaneous apparition of singularity from a local classical 
solution is a challenging open problem in the mathematical fluid mechanics, which is 
similar as the cases of ideal magnetohydrodynamics and fully viscous magnetohydro- 
dynamics. We just refer some of the studies on the finite time blow-up problem in the 
ideal magnetohydrodynamics (see [U QUI EJ El and references therein) . 

In the absence of a well-posedness theory, the development of blowup / non-blowup 
theory is of major importance for both theoretical and practical purposes. For in- 
compressible Euler and Navier-Stokes equations, the well-known Beale-Kato-Majda's 
criterion [TJ says that any solution u is smooth up to time T under the assumption 
that / T ||V x u(t, -)\\L°°dt < oo. Beale-Kato-Majda's criterion is slightly improved 
by Kozono-Taniuchi [15] under the assumption (jl.4p . Recently, a logrithmically im- 
proved Beale-Kato-Majda's criterion is proven by Zhou and Lei [23]. Caflisch-Klapper- 
Steele [1] extended the Beale-Kato-Majda's criterion to the 3D ideal magnetohydro- 
dynamic equations, under the assumption on both velocity field and magnetic field: 
Jo (11^ x u(t, OIU 00 + ||V x h(t, -)\\L°°)dt < oo. Motivated by numerical experiments 
[TT| [19] which seem to indicate that the velocity field plays the more important role 
than the magnetic field in the regularity theory of solutions to the magnetohydrody- 
namic equations, a lot of work are focused on the regularity problem of magnetohy- 
drodynamic equations under assumptions only on velocity field, but not on magnetic 
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field [121 EH E]. Especially, for fully viscous magnetohydrodynamic equations, the 
analogy of Beale-Kato-Majda's criterion is studied by Chen-Miao-Zhang [6] under the 
assumption only on the vorticity of velocity field, where the authors made clever use 
of Littlewood-Paley theory to avoid using the logarithmic Sobolev inequality, which 
successfully avoids assuming any control of the magnetic field. 

In this paper, we establish the analogous Beale-Kato-Majda's criterion to magneto- 
hydrodynamic equations (11.31) even in the case of zero viscosity. The partially viscous 
magnetohydrodynamic system (11. 2p will be studied with an incompressible viscoelastic 
fluid system of the Oldroyd type in our forthcoming paper [16]. The first goal of this 
paper is to prove that 

Theorem 1.1. Let T > and Uo,h G H s (M. n ) for s > 3 and n = 2 or 3. Suppose 
that (u, h) is a smooth solution to the partially viscous magnetohydrodynamic system 
(II. 3D with initial data u(0,x) = uq, h(0,x) = ho. Then (u,h) is smooth up to time T 
provided that 



Our key observation is that under the assumption (11.41) . if we start from the time 
T+ < T which is as close to T as possible, we find that 

\\(u, h)(t, Oll-ff 1 < C* sup || (u, h) ||^-3, S is as small as we want, < t < T. 



From this point of view, the nonlinearity of velocity field u and magnetic field h can 
be as weak as what we want in the sense of H 1 norm. By using this observation, we 
find that logarithmic Sobolev inequalities can still be used to prove Theorem 11.11 

Our second result is the global existence and regularity of weak solutions to partially 
viscous magnetohydrodynamic system (11. 3ft in M 2 : 

Theorem 1.2. Let uo,ho G i^ 1 (R 2 ). Then there exists a global weak solution (u,h) 
with u G L°°(0, oo; H l ) and h G L°°(0, oo; H l ) H L 2 (0, oo; H 2 ) to the partially viscous 
magnetohydrodynamic system (11.31) with initial data u(0,x) = u , h(0,x) = h . 

The observation of the above result lies in that we can obtain the H 1 estimate of 
the velocity field and magnetic field. Then the proof of Theorem 11.21 is elementary and 
standard. Thus, we will just present the H l estimate of the velocity field and magnetic 
field in this paper, leaving the establishment of global weak solutions to interesting 
readers (for example, see the books [221 EH] as references). See section 4 for more 
details. 

The rest of this paper is organized as follows: In section 2 we recall some inequalities 
which will be used in this paper. In section 3 we derive the Beale-Kato-Majda's criterion 
for the partially viscous magnetohydrodynamic equaitons (11.31) and present the proof 
of Theorem 11.11 Then in section 4 we prove the H 1 a priori estimate of the velocity 
field u and the magnetic field h in M 2 which implies the result in Theorem 11.21 




(1.4) 



T*<s<t 
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2 Preliminaries 



First of all, let us recall the following multiplicative inequalities. 
Lemma 2.1. The following interpolation inequalities holds. 



in 



p2 . 



Ill 



R 3 : 



L 4 < Co 
L 4 < C 
L°° < Cq 



II 2 ' 



4 

L 2 ' 



L 4 



< c 



i 2 llv 2 /III 2 , 
" liv/n 1 
liv 2 „ , 

2 ||v 2 /ll! 
Iiv 2 /| 

v 2 /ll 



(2-1) 



L 2 ' 

3 
8 

L 2 ' 



2 

L-' 



L 2 ' 



J|v/|U 2 <c 

where Cq is an absolute positive constant. 

Proof. The above inequalities are of course well-known. In fact, they can just proved by 
Sobolev embedding theorems and the scaling techniques. As an example, let us present 
the proof of the first inequalities. By Sobolev embedding theorem H 2 (M. 2 ) '—t L°°(1R 2 ), 
one has 

ll/ll^<c (||/|U 2 + ||v 2 /|| i2 )- 

The constant Co in above inequality is independent of / G H 2 (M. 2 ). Thus, for any given 
f e H 2 (R 2 ) and any A > 0, let us define f x (x) = f{Xx). Then one has 



<C (||/ A || L2 + ||V 2 / A || L2 ). 



which is equivalent to 



Taking A 



L 2 



IV 2 



l°= < Co(A _1 ||/|| i 2 + A||V 2 /||l2). 
l 2 ) 2 , one gets the first inequality in (12.11) . 



□ 



Next, let us recall the following well-known inequalities. In fact, the first one is 
Gagliardo-Nirenberg inequality and the second one is a direct consequence of the chain 
rules and Gagliardo-Nirenberg inequality. 

Lemma 2.2. The following inequalities holds: 



< Cnlld 



\V s u\ 



\V s (u- Vit) - u-W s u\\ < C \\Vu\\ L oo\\V s u\\ L 2, s> 1. 

At last, let us recall the following logarithmic Sobolev inequality which is proved 
in [15] and is an improved version of that in [1] (see also [21 E]). 

Lemma 2.3. Let n = 2 or 3 and p > n. The following logarithmic Sobolev embedding 
theorem holds for all divergence free vector fields: 

||V/||x-(r«) < C [l + ||/IU 2 (k«) + || V x /||bmo(r»)1h (l + ||/lk 2 .p(R"))]- (2.3) 



< i < s, 
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3 Beale-Kato-Majda's Criterion for Magnetohydro- 
dynamic Equations with Zero Viscosity 

In this section we prove the analogous Beale-Kato-Majda's criterion for the partially 
viscous magnetohydrodynamic equations (11. 3p in R 2 and R 3 . First of all, for classical 
solutions to (II. 3p . one has the following basic energy law 



1 d 



-— u 



2dt 



L2 



+ \\h\\ 2 v >) + u\\Vh\\% t = 0. (3.1) 



For any integer s > 1, applying V s to the velocity field equation and magnetic field 
equation, and taking the L 2 inner product of the resulting equations with V s u and 
V s h respectively, one has 

~(l|V«||i, + || VfcHy +1/1^^11^ (3.2) 



- / V s u [V s (u ■ Vw) - u ■ VV S «] dx 

- [ V s h[V s (u-Vh) -u-VV s h]dx 
+ [ V s u[V s (h-Vh) - h-VV s h]dx 
+ / V s /i[V s (/i'V«)-^VV s t(](ii, 



where we have used the divergence free condition V • u = V • h = 0. 

For simplicity, we just set v = 1 below. Let s = 1 in (13.21) . One can easily derive 
the following estimate: 

^(liv^ + iiv/.ny + iiv 2 ^ 
< ciivuiu-ciivuiiia + nv/iiiy 

which gives that 

\\Vu(t, .)||| 2 + \\Vh(t, .)||| 2 + f ||V 2 M^, Olli.*» (3-3) 

< C(\\Vu(t , .)\\ 2 L2 + \\Vh(t , Ollia) exp \C jT \\Vu\\ L ood s y 

Noting (11. 4ft . one concludes that for any small constant e > 0, there exists T± < T such 
that 

/ ||V x u\\ B Mods < e. (3.4) 
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Let us denote 



M(t)= sup (||V 3 «( S ,-)||i 2 + ||V 3 M^-)|li 2 ), T*<t<T. (3.5) 



(3.6) 



By (EH), (O, ([33D, (USD and Lemma [231 one has 

||Vu(t I .)||i a + ||VM*,Olli"+ f \\V 2 h(s,-)\\Us 

<C*exp{c y ||Vx«|| M Boln(l + ||M|||3 + ||/i||^ 3 ; 

< aexp {C eln (l + M(t)) } = C*(l + M(t)) Coe , T*<t<T, 

where C* depends on || Vm(T*, ■) ||| 2 + || V/i(T*, ■) ||| 2 , while Co is an absolute positive 
constant given in Lemma [2.31 We remark here that in the case of n — 2, one can just 
set e = 0. See section 4 for more details. 

For simplicity below, we will set s = 3 and present the estimate of the right hand 
side of (13.21) . First of all, by Lemma [2.21 it is easy to see that 

/ V 3 «[V 3 (wVn)-ii-VV 3 n](li < C|| Vu|| L co || V 3 ?i||| 2 . 

Next, by integrating by parts, one has 

/ V 3 /i [V 3 (u • V/i) — u ■ VV 3 /i] dx 

[ V 3 /i [V 3 (/i -Vu)-h- VV 3 n] dx 



+ 

<4||v w |Uoc||v 3 /i||! 2 

+ 3 



V 3 h(V 2 u- VVti)dx 
V 3 hV 2 h ■ VVudx 



+ 



V 3 h{V 3 u- Vti)dx 
V 3 hVh ■ VV 2 udx 



< unvuiUooiiv^iiia + io||v«|| i0 o||v 2 /i|U 2 ||v 4 /i|| x2 

+ A\\V 2 u\\ L 4Vh\\ L 4V%\ L ,. 
By Lemma 12.11 and Lemma 12.21 we estimate 

loiivwiu-uv^iusiiv 4 /*!^ 

<i||V 4 A||i a + C||V«||i.||V 2 /»||i a 

< J||v 4 / i || 2 02 + c'||Vu|Uoc||v«||| 2 ||v 3 M||i 2 ||v/ i |U 2 ||v 3 /i|U 2 



< \\W A h\\h + C4Vu\\ L -M(t)i(l + M(t)) 



5C 0£ 



(3.7) 



in 3D case and 

loiiv^iUociiv^ibiiv^ib 

<^l|v 4 / i ||i 2 + c'||v^||^||v M |il 2 ||v 3 n||| 2 ||v/ i || L2 ||v 3 / i || L2 

< -\\V A h\\ 2 L2 + C4Vu\\ L ~M(t)±(l + M(t)) 4 

o 

in 2D case, where we used (13.61) . On the other hand, one can similarly estimate 

4||V^|| L 4||V^|| L 4||V 4 / i || i2 
<4||V«||| 00 ||V 3 ^||i 2 ||V/ i ||l 2 ||V 3 / i ||| 2 ||V 4 / i || L2 

1 k a 

74 1, 1 1 2 



< gllv^Hi. + c\\v u \\ L ~\\vh\\i 2 \\vM\ L 4vW L * 



1 7 5C e 

< -\\V*h\\l 2 + C4Vu\\ L ~M(t)s(l + M(t)) 8 



in 3D case and 



4||V 2 W || L 4||V/ l || L 4||V 4 / i |U 2 
<4||V M ||| 0O ||V 3 M ||I 2 ||V/ i ||l 2 ||V 3 / i ||| 2 ||V 4 / i |U 2 

1 „ 3C e 

< -\\V 4 h\\l 2 + a\\Vu\\ L ooM(t)^(l + M(t)) 4 



in 2D case. Consequently, one has 



/ V s h[V s (u- Vh) - u- VV s h]dx 

[ V s h[V s (h-Vu) - h-W s u]dx 



+ 



< ^h\\ 2 L2 + C*||V«|Ucc[l+M(t)] 



(3.8) 



provided that 



e < 



5C n 



(3.9) 



It remains to estimate the last term on the right hand side of (13.21) . By integrating 
by parts: 



V 3 wV 2 /i • VVhdx 



< 



V 2 vS7 6 h ■ VVhdx 



+ 



V 2 uV 2 h ■ VV 2 hdx 
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one similarly has the following estimate 

/ V 3 u [V 3 (/i ■ V/i) - h ■ VV 3 /i] dx 



(3.10) 



< 



+ 3 



V 3 uV 3 h ■ Vhdx 



V 3 uVh ■ VV 2 hdx 



V 3 uV 2 h ■ Whdx 



< ^\\V 4 h\\ 2 L2 + C\\Vu\\ L o,[l + M{t)}. 
Combining (13.21) with (13 .7p , (13.81) and (I3.10p and using Lemma I2.3[ we arrive at 

|(iiv 3 «ni 2 + iiv^iy + 11^11!, 

< ^||VM|| L oo[l + M(t)] 

< a||V x u|| BM0 ln(l + M(*))[l + M(t)] 

for all T* < t < T. Integrating the above inequality with respect to time from T* to 
t G [s, T) and using (13.41) . we have 

i + l|v 3 M ( s ,-)lli 2 + llv 3 M^-)lli 2 
<i + l|vVT„-)||! 2 + ||v 3 M7;,-)lli 2 

+ C* / ||Vxn(r,-)||BMo[l + M(r)]ln(l + M(r))dr, 

which implies 

1 + M(t) < 1 + || V 3 w(T„ .)\\ 2 L2 + || V 3 /i(T„ .)||! 2 

+ / ||Vxu(r,.)||BMo[l + Af(r)]ln(l + Af(r))dr. 

Then gronwall's inequality gives 

i + HWt,-)ll! 2 + l|v 3 Mt,-)lli 2 

< (1 + ||V 3 M (T„-)||i 2 + ||V 3 M7V)||i 2 )expexp{a e } 



(3-11) 



for all T* < t < T. Noting that the right hand side of (13. lip is independent of t 
for T+ < t < T, one concludes that (13.111) is also valid for t = T which means that 
(u(T,-),h(T,-))eH 3 (R n ). 



4 Global Weak Solutions to the Magnetohydrody- 
namic Equations with Zero Viscosity in 2D 



In this section we prove Theorem 11.21 To this end, following a standard procedure, we 
establish an approximate system of ( 11.31) with smoothed initial data which admits a 
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unique local classical solution. We will establish the global a priori i7 1 -estimate for 
the approximate system in terms of the i^-norm of the original initial data Uq and h , 
which implies that the magnetohydrodynamic equations (11.31) in R 2 possess a global 
weak solution. Below we will just present the global a priori estimate for classical 
solutions to the magnetohydrodynamic equations (11.31) with n = 2, while we refer the 
reader to as [221 HH] for the standard procedure to establish the global weak solutions 
and to construct approximate systems. 

Now let us denote curl(t>) = V x v = d Xl v 2 — d X2 Vi for two dimensional vector v. 
Applying curl to (11.31) . one has 

(V x u) t + (u ■ V)(V xu) = (h- V)(V x h), 

(Vx h) t + (u- V)(Vx h) =i/A(Vx h) 
+ (h ■ V)(V x u) + 2tr(VuV ± /i). 

Taking the L 2 inner product of the above equations with Vxm and Vx/i respectively, 
and noting the interpolation inequality in Lemma 12.11 one has 

^(IIV x u\\ 2 L2 + ||V x h\\ 2 L2 ) + x h)\\h (4.2) 

= / [(V x u)(h ■ V)(V x h) + (V x h)(h ■ V)(V x u)]dx 

+ 2 / (V x h)tr(VuV x h)dx 

< + 2||V/i|| 2 : 4||Vm|| L 2 < C||V/i|| L 2||Vm|| L 2||A/i|| L 2 
<^||V ± (Vx/ i )||| 2 + ^||V/i||I 2 ||Vx u ||| 2 , 

where we used Calderon-Zygmund theory and the fact that Ah = V _L (V x h). Using 
the basic energy law (13.11) . we derive from (14. 2 p that 

||V x u\\\ 2 + ||V x h\\ 2 L 2 + v [ ||V(V x h)\\ 2 L2 ds (4.3) 

Jo 

(2C f l 

< (IIV x u Q \\ 2 L2 + ||V x h \\ 2 L2 ) exp |— J \\Vh\\ 2 L2 dsj 

< (IIV x u \\ 2 L2 + ||V x ho\\h) exp{ C( "" 0lli ;+ l|/l ° lli2) }. 

This combining with the basic energy law (13. ip gives a global uniform bound for the 
velocity field u and the magnetic field h in u G L°°(0, oo; H 1 ) and h £ L°°(0, oo; H 1 ) H 
L 2 (0,oo;i/ 2 ). 

Final Remark: In fact, one may improve the regularity of the weak solutions if the 
initial data is more regular. For example, for some p,q £ (2,oo) ; using the estimates 
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for linear Stokes system (see [9]) and transport equations, one can get a uniform bound 
for || V 2 h\\ L <if L p\ + || V x u\\ L oc,( L py However, at the moment we are not able to get the 
global classical solutions of the partially viscous magnetohydrodynamic equations (\1.3\i 
for n = 2. We will investigate this issue further in our future work. 
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